Abstract. Granular gas mixtures modeled as systems of inelastic and rough particles, either hard disks on a plane or hard spheres, are considered. Both classes of systems are embedded in a three-dimensional space 
INTRODUCTION
A "gas" made of identical and smooth hard disks or spheres with a constant coefficient of normal restitution is perhaps the simplest and most widely used model of a granular gas [1] [2] [3] [4] [5] [6] [7] [8] . On the other hand, the mesoscopic or macroscopic nature of the "grains" may ask for a refinement of the model by allowing for particle-particle surface friction or "roughness" (usually accounted for by a constant coefficient of tangential restitution) , polydispersity (i.e., assuming that the particles belong to more than one component, each one characterized by different mechanical properties) [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] , or both [67] [68] [69] [70] [71] [72] [73] [74] .
An interesting feature of multicomponent gases of rough disks or spheres is the general breakdown of energy equipartition, even in homogeneous and isotropic states (driven or undriven). This is characterized by unequal translational (T Whereas in the case of smooth, spinless particles a generic kinetic-theory treatment of d-dimensional hard spheres is possible [56, 58, 62, 63, 75] , this is far less straightforward if particles have a rotational or angular motion, in addition to the translational motion of the center of mass. In fact, mathematical operations such as the cross product of two vectors (and hence mechanical quantities such as angular momentum and torque) are, in general, meaningful in a three-dimensional space (d = 3) only. Furthermore, the existence of surface friction or roughness establishes a neat separation between the cases of disks on a plane and spheres. Both classes of particles are embedded in a common three-dimensional space, but spinning spheres have d tr = 3 translational plus d rot = 3 rotational degrees of freedom, while spinning disks on a plane have d tr = 2 translational and d rot = 1 rotational degrees of freedom.
The aim of this work is to unify the derivations of ξ tr i j and ξ rot i j for disks [74] and spheres [70] so that they depend parametrically on both d tr and d rot . On the one hand, particularization to smooth particles with d tr = d allows us to recover known results for an arbitrary number d of spatial dimensions [56, 58, 62, 63] . On the other hand, in the case of rough particles, particularization to (d tr , d rot ) = (2, 1) and (d tr , d rot ) = (3, 3) recovers previous results for disks [74] and spheres [70] , respectively.
BINARY COLLISIONS
Let us consider the binary collision of two hard spheres (or disks) of masses m i and m j , diameters σ i and σ j , and moments of inertia I i and I j . Before collision, the particles rotate with angular velocities ω i and ω j , while their respective centers of mass move with translational velocities v i and v j . This is sketched in Fig. 1 , where σ ≡ (r j − r i )/|r j − r i | is a unit vector pointing from the center of sphere i to the center of sphere j and v i j = v i − v j is the relative velocity of the centers of mass. The relative velocity (w i j ) of the points of the spheres or disks which are in contact at the collision is
In the case of spheres, the vector σ × S i j points in any direction of the three-dimensional space. In the case of disks, however, σ × S i j = S i j σ ⊥ lies on the plane of motion, where The relative velocity w i j can be decomposed into a normal component (parallel to σ) and a tangential component (orthogonal to σ):
In the case of disks,
After collision, the normal and tangential components of w i j are modified by constant factors α i j (coefficient of normal restitution) and β i j (coefficient of tangential restitution), respectively, i.e.,
where the operator B i j, σ acting on a precollisional quantity gives the associated postcollisional quantity as the result of a collision with unit vector σ between particles of components i and j. The coefficient of normal restitution ranges from α i j = 0 (perfectly inelastic particles) to α i j = 1 (perfectly elastic particles), while the coefficient of tangential restitution ranges from β i j = −1 (perfectly smooth particles) to β i j = 1 (perfectly rough particles). Equation (3), together with the laws of conservation of linear and angular momenta, yield the following collision rules [30, 70, 74] 
The collision rules (4) and (5), as well as those in Table 1 , hold both for spheres and disks. In the latter case, however, some terms may simplify [74] . On the other hand, the Jacobian of the transformation
BOLTZMANN EQUATION
Let f i (r, c i ; t) be the one-body velocity distribution function of particles of component i. In the low-density limit, by application of the molecular chaos assumption on the first equation of the Bogoliubov-Born-Green-Kirkwood-Yvon (BBGKY) hierarchy, f i (r, c i ; t) obeys the Boltzmann equation [70, 74] 
where
is the bilinear Boltzmann collision operator. In Eq. (12), χ i j is the contact value of the pair correlation function,
being the Heaviside step function. The following mathematical integrals over σ will be needed [76] :
where I tr is the d tr × d tr unit tensor and
. Given a one-body dynamic variable ψ i (c i ), its average value is
n i and n being the number density of component i and the total number density, respectively. For the sake of brevity, in Eq. (14) and henceforth the spatial and temporal arguments are omitted. Analogously, the average of a two-body dynamic variable
Multiplying both sides of the Boltzmann equation (11) by ψ i (c i ) and integrating over c i , we obtain the balance equation
where 
Let us focus on the quantities ψ i j (c i , c j ) listed on the first column of Table 1 . When obtaining the corresponding production rates Table 2 , where we have introduced the scaled collisional integrals
The most important one-body averages are 
These quantities can be expressed in terms of two-body averages with the help of 
Before closing this section, let us consider the mean collision frequency of a particle of component i with particles of component j as given by [77] 
where in the second equality, namely ν i j = i j / √ 2λ i j , use has been made of Eq. (13a), λ i j being the mean free path of a particle of component i with respect to collisions with particles of component j. Note that n i ν i j = n j ν ji . The total collision frequency of a particle of component i is ν i = j ν i j , while the global mean collision frequency is ν = i n i ν i /n.
All the results in this section are exact within the framework of the Boltzmann equation. The expressions of the main collisional integrals in terms of two-body averages are useful to evaluate those integrals by computer simulations. On the other hand, exact analytic expressions are not possible unless f i (c i ) and f j (c j ) are known. The next section provides analytic approximations for the energy production rates based on a Maxwellian approximation.
ESTIMATES OF TWO-BODY AVERAGES AND APPROXIMATE ENERGY PRODUCTION RATES
Henceforth, we particularize to mixtures without mutual diffusion (i.e., u i = u for all i) and with isotropic distributions of translational velocities, v i − u, relative to the flow velocity. In order to get practical estimates of the two-body averages appearing in Table 2 , let us approximate the unknown velocity distribution functions f i (c i ) by means of two assumptions: (i) statistical independence between translational and rotational velocities, i.e., f i (c i ) 
When Eq. (23), together with the equivalent approximation for f j (c j ) is inserted into Eq. (15), the two-body averages appearing in Table 2 can be explicitly evaluated in terms of the material parameters (m i , m j , σ i , σ j , κ i , κ j , α i j , and β i j ) and of the physical quantities
Analogously to what happened with Table 2 , the evaluation of averages involving angular velocities must be done with care to treat the cases of spheres and disks in a common setting. For instance,
The results for the two-body averages are summarized in Table 3 . Note that S
Substitution of the expression for i j into Eq. (22) provides the approximate expression
Analogously, substitution into Table 2 of the expressions for other two-body averages shown in Table 3 allows us to obtain the energy production rates ξ Table 4 , where the equality d rot = (23) , for the two-body averages appearing in Table 2 .
Quantity
Expression Table 4 reduce to results derived in Refs. [74] and [70] , respectively.
The global cooling rate ζ defined in Eq. (21) is also shown in Table 4 . Now, a factor (d tr −1) is attached to (1−β 2 i j ). While ζ is a positive definite quantity, the partial production rates ξ tr i j and ξ rot i j can in general be positive or negative since the energy dissipation and equipartition effects are mixed together. To disentangle them, it is convenient to carry out the decompositions [71, 74] 
where ζ are also included in Table 4 . It can be easily checked that 
